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On functions of bounded semivariation 


G. A. Monteiro* 


Abstract 

The concept of bounded variation has been generalized in many ways. In the 
frame of functions taking values in Banach space, the concept of bounded semi¬ 
variation is a very important generalization. The aim of this paper is to provide 
an accessible summary on this notion, to illustrate it with an appropriate body of 
examples, and to outline its connection with the integration theory due to Kurzweil. 
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1 Introduction 

Different notions of variation appear when dealing with problems in infinite dimension. 
Among them, the semivariation is very frequent, being commonly found in studies involv¬ 
ing convolution, Sticltjes type integration, and also in topics related to vector measures. 

Initially called tc-property, the concept of bounded semivariation for operator-valued 
functions was introduced in 1936 by M. Gowurin in his paper on the Stieltjes integral 
in Banach space mt Some decades later, the Gowurin w-property revealed to be very 
useful in the investigation of integral representations of continuous linear transformations 
(see [H] and [13]). 

Nowadays, a handful of papers make use of the concept of bounded semi variation. 
However, in its majority, the results on such type of variation are only stated with no 
proofs or no proper references. Besides that, we can observe in the literature a lack of 
material collecting basic results on such a concept. 

In view of this, the purpose of this survey is to summarize the present knowledge on 
semi variation. The presentation does not reflect the chronological order of the discoveries, 
but rather attempts to organize results in a logical framework. Moreover, in order to make 

* Mathematical Institute, Academy of Sciences of the Czech Republic, Prague, Czech Republic (email: 
gam@math.cas.cz).Supported by RVO: 67985840 and by the Academic Human Resource Program of the 
Academy of Sciences of the Czech Republic. 


1 



these notes self-contained, most results are presented with a detailed proof and some 
illustrative examples are given. We trust that our citations and bibliography sufficiently 
identify the appropriate antecedent. 

This survey includes, besides basic results and properties, also a section dedicated to 
the investigation of the relation between semivariation and non-absolute integrals. 

First, let us fix some notation. 

Throughout this survey X and Y denote Banach spaces and L(X, Y ) stands for the 
Banach space of bounded linear operators from X to Y. By || • ||x and || ■ ||L(v,y) we denote 
the norm in X and the usual operator norm in L( X,Y), respectively. In particular, we 
write L(X) = L(X,X) and X* = L(X,R). 

For an arbitrary function / : [a, b] —> X we set ||/||oo = su Pte[a,b] \\m\\x. 

Consider a nondegenerate closed interval [a, b] and denote by T>[a, b] the set of all finite 
divisions of [a, b] of the form 

D = {ao> «i, • • ■, ot i/(r>)}, a —a o < aq < ... < ot v (D) — b , 
where u(D) G N corresponds to the number of subintervals in which [a, b] is divided. 

With these concepts in hand we are ready to define the semivariation of an operator¬ 
valued function. 

Definition 1.1. Given a function F : [a, b] —> L(X,Y) and a division D G T>[a,b], let 



r 

u(D) 

) 

V (F. D, [a, 5]) = sup < 


Y] [F(aj) - F(oij-i)] Xj 

: Xj G X, ||xj||x < 1 ) 


l 

3 = 1 

^ J 

The semivariation of F on 

a, b] is then defined by 



SV*(F) = sup{V(F,AMD : DeV[a,b}}. 

If SX b a (F) < oo, we say that the function F is of bounded semivariation on [a, £>]. The 
set of all functions F : [ a,b ] —> L(X,Y ) of bounded semivariation on [a,b] we denote by 
SV([a,b],L(X,Y)). 

If no misunderstanding can arise, we write simply V(F. D ) instead of V(F. D, [a, b}). 

Remark 1.2. The concept presented in Definition 11.11 called tc-property in im, is also 
known as (B)-variation, with respect to the bilinear triple B = (L(X,Y),X,Y). For 
details, see [33] and ra. The terminology used in this paper is consistent with that 
found in the book by Honig mi and seem to be the most frequent in literature. However, 
we call the readers attention to the fact that the term ‘semivariation’ might also appear 
with slight different formulation - for example, when applied to measure theory or to 
functions with values in a general Banach space. See, for instance, 0. H or, in the 
frames of functions with values in locally convex spaces, m- 
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It is not hard to see that the semivariation is more general than the notion of variation 
in the sense of Jordan. Indeed, for F : [a, b] —» L(X, Y), we have 

SV^(F) < var^(F) 

where var^(F) stands for the variation of F on [a, b] and is given by 

( u(D) 

™ b a {F) = sup j \\ F ( a j)- F ( a j-i)h{x,Y) '■ DeV[a,b] 

Denoting by BV([a,b], L(X,Y)) the set of all functions F : [a,b] —» L(X,Y) of 
bounded variation on [a, b] (i.e var^(F) < oo), clearly, 

BV([a,b],L(X,Y)) C SV{[a,b],L{X,Y)). 

The relation between these two sets will be analysed in more details in Section 4. 

The following example of a function of bounded semivariation was inspired by some 
ideas found in in. 



Example 1.3. Let £ 2 be the Banach space of sequences x = {x n } n in R such that the 
series |x n | 2 converges, equipped with the norm 



n= 1 


Denote by e*,, k e N, the canonical Schauder basis of where eis the sequence whose 
k- th term is 1 and all other terms are zero. 

For each k G N, consider y k G £2 given by y k = that is, 

Vk = {y { n k) }n with y F) = i and y F) = 0 for n^k. 

Note that the series YlkLi V k converges in £ 2 and denote by S its sum. 

Let F : [0,1] —> L(R, £ 2 ) be given by 


(F(t)) x = 


n 


x Vk 

k =1 

xS 


if t — 0 


for t G [0,1] and iGR. 

In order to prove that F G S'D([0,1], L(R, £ 2 )), let us consider D G T>[0,1] with 
D = {a 0 ) 1 , ■ • •, cq,(r>)}. Put 

rij = max{/c G N : kaj < 1} for j — 1, ..., v(D), 


3 


and A = {j : n 3 < rij_ 1 } C {2,..., u(D)}. For Xj e M, j = 1,..., v(D) with |xj| < 1 we 
have F(ctj)xj = Y^k=\ 2/fc an d consequently 


v(D) m v(D) rij rij -1 

- F{a j _ 1 )\x j = Xi ( Vk - S ) + x i ( Vk ~ y " 

j =1 k =1 j=2 fc=l m= 1 

00 n j-1 

= -X! ( ^ Z/fc) - ( £ yk . 

fc=m+i jeA 

For k G N, define 

—Xj if rij < k < rij _\, j 6 A 

Afc = —xi if k > ni 

0 otherwise 

Using this sequence and the definition of yk, we can write 


( 1 . 1 ) 


u(D) 

^2[F(aj) - 


3 = 1 


2 

2 


^ ^ Vk 

k= 1 


00 


E 


Afc 

T 


2 


00 


sE 


1 

P' 


/ 1 \ 1/2 / -77-^ 

This shows that SVo(F) < ( — j = \/ —— 1 


k=2 


k 2 ) 


We claim that SVg(F) = \J^ — 1. Indeed, fixed an arbitrary JV 6 N, consider 
D N eV[0,l} given by 


Dn — \ 0, —, 


A/”’ AT — 1 ’' " ’ 2’ M 


Thus, for Xj G M, j = 1,..., N with |xj| < 1 we have 


N -1 


I>(?) - F(^)]x, + [F(±) - F(0)]x n 


1= 1 


AT —1 00 

y: 

fc=AT+l 


£=1 


E | Xk 

It 


fc =2 


2 \ V 2 


where x*, = Xfc_i if k — 2,..., N, and x>. = xat for k e N, A: > Ah Taking the supremum 
over all possible choices of Xj e M, j — 1,..., N with |xj| < 1 we obtain 

00 1 1/2 

v(F,n JV ,[o,i]) = (E—^ 


k =2 


P/ 


which proves the claim. 
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Remark 1.4. In the particular case X = K. the space SV([a, b ], L(M, F)) can be regarded 
as the space of the functions of weak bounded variation, usually denoted by BW([a, b], Y) 
(c.f. [20]). This is clear once we recall that the weak variation of a function / : [a, b] —)■ F 
is given by W b a (f) = sup{IF(/, D) : D G V[a , b ]} where 


W(f,D) — sup 


u{D) 


Y W a j) “ f( a 3- 0] A i 

i=i 


y 


Aj 6 M, | Xj | ^ 



for DeV[a,b]. 


Therefore, we can say that the semivariation of the function F : [0,1] —y L(M, £ 2 ) in the 
Example 11.31 coincides with the weak variation of / : [0,1] —> £2 given by /(f) = (F(t))l 
for f G [0,1]. 


2 Semivariation: basic results 

This section summarizes basic properties of the semivariation that are often mentioned 
without proof in papers which are directly or indirectly connected to such a notion. In 
order to make this work as complete as possible, all the proofs are included. Most of the 
results can be found, for instance, in [20], [22] and m 

We start by noting that SV([a, 6], L(X, Y )) is a vector space. 

Proposition 2.1. Let F, G G SV([a,b], L(X,Y)) and A G M be given. Then both func¬ 
tions (F + G ) and (A F) are of bounded semivariation on [a, b], and 

S V b a (F + G)< S X b a (F) + SV*(G) and SV^(A F) = |A| SV b a (F). (2.1) 

Proof. The assertions follow from the fact that the relations 

V(F + G, D) < V(F, D) + V(G, D) and V(XF,D) = |A| V(F,D) 

hold for every division D E T>[a,b]. □ 

According to (EO, SV^( •) defines a seminorm on the space of functions of bounded 
semivariation. On the other hand, if we put 

||^||5V = ||F(a)|| L(A - y) + SV^(F) for F G SV([a, b], L(X, V), (2.2) 

then SV([a,b], L(X,Y)) becomes a normed space. This fact is a consequence of (12.11) 
together with the following assertion. 

Proposition 2.2. Let F G SV([a,b],L(X, Y)). Then S X b a (F) = 0 if and only if F = C 
for some fixed operator C G L(X, Y). 
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Proof. Clearly, the semivariation of a constant function is zero. Conversely, assume that 
SV^(F) = 0. Given t G (a, b], if we consider the division D = {a,t,b} of [a, 6], for any 
x G X with 11 x 11 _y < 1 we have 

||F(f)x - F(a)x\\ Y = ||[F(t) - F{a)]x + [F(b) - F(t)]0|| y < V(F, D, [a, b ]). 
Therefore [F(t) — F(a)] = 0 G L(X,Y), that is, F is a constant function. □ 


Remark 2.3. It is worth mentioning that in the definition of the norm || • 11 sv we can 
use the hxed value of the function in any point of the interval, that is, taking c G [a, b], 
we can consider 

l|r|| S v=||F(c)|| I(w + SV;(F), FeSV({a,b],L(X,Y)). 

The choice of the left-ending point of the interval seems to be the most common in the 
literature, though. Therefore, in this work, we assume the norm in SV([a, b], L(X, H)) as 
introduced in (12.2[) . 

Note that, for F : [a, b] —> L(X, Y ) and t G [a, b] we have 

||F(t)|| W) <||F(a)|| W) + SV^(F). 

Hence, every function F G SV([a,b],L(X,Y)) is bounded and 

Halloo < \\F\\sv. 

In view of this, we can say that the topology induced in the space 5y([a, b ], L(X, Y)) by 
the supremum norm is weaker than the one induced by || ■ H^y. 

In the sequel we prove that the space of functions of bounded semivariation is complete 
when equipped with the norm || • ||gy (c.f. |3T[ Proposition 4] or [2D] 1.3.3]). To this aim, 
we will need the following convergence result. 

Lemma 2.4. Let F : [a,b] —> L(X,Y), a sequence {F n } n C SV([a,b], L(X,Y)) and a 
constant M > 0 be such that 

S V b a (F n ) < M for every n G N, 

and 

lim || F n (t)x — F(t)x\\y = 0 for every t G [a,b] and x G A". 

n—>oo 

Then S V b a (F) < M. 
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Proof. Let D = {a 0 > «i, • • •, c^p)} be a division of [a, b] and let Xj G X, j = 1,..., v(D) 
with ||xj||x < 1. Note that, for each n G N, we have 


u(D) 

i)]x, 
i=i 

< 


Y 


u{D) 


X n 


Y 


^ ^ [F n ( cr.j ) F n (cXj_ i)] + || ^ ^ [-L( cy.j) F n (^oij) F (oq_]) -|- F n (oq_i)] 

i=i y j =i 

v(D) «/(£>) 

< M + ^ ||[F(oq) - F n (oq)]xj||y + ||[F(oq_i) - F n (aj_i)]a;j||y (2.3) 

j=i j =i 


Given e > 0, there is iV D G N such that 

\\[F{^j) ~ F' ND {a j )\x i \\ Y < for 3 = 0,1, ■ ■ •, v{D), 

where i — j. j + 1 (whenever it has a sense). Therefore, taking n = No in (12.3j) we obtain 


u(D) 

J2[F(aj) ~ Ffa-^Xj 


3 = 1 


< M + £ 

Y 


which implies that 

V(F, D) < M + e. 

Since e > 0 is arbitrary, it follows that ViF.D ) < M for every D G D\a,b 1, and conse¬ 
quently SV*(F) < M. □ 


The previous convergence result usually appears applied to some integration theory 
This type of result, often mentioned as Helly-Bray theorem (cf. [221 Theorem 1.5.8] or 
dsi), will be study in Section 5 in the frames of Kurzweil-Stieltjes integral. 

Now, we are ready to prove the completeness of the space SV([a, b ], L(X, Y)). 

Theorem 2.5. SV([a,b], L(X,Y)) is a Banach space with respect to the norm || • ||sy. 

Proof. Let {F n } n be a Cauchy sequence in SV([a,b], L(X,Y)) with respect to the norm 
|| • ||gy. This means that given e > 0 there exists n 0 G N such that 

\\F n (t) - F m (t)\\ L ( X ,Y) <\\F n -F m \\sv < £, n,m>n 0 and t G [a,b]. (2.4) 

Hence, for each t G [a, b], {F n (t)} n is a Cauchy sequence in L(X,Y) which implies that 
there exists F(t) G L(X, Y) such that 

lim ||F„(t) - F(t)\\ L ( X ,Y) = 0. 

n—>oo 
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Moreover, due to (12.4p . this convergence is uniform on [a, b]. By the fact that {F n } n is a 
Cauchy sequence there exists M > 0 such that SX b a (F n ) < M for every n G N. Therefore, 
by Lemma IOF G SV([a,b], L(X, Y)). 

It remains to show that the convergence is true also in the topology induced by the 
norm || • ||sy. To this aim, consider a division D = {a 0 , on,..., a„(D)} of [a, 6] and 
arbitrary Xj G X, j = 1,, v(D) with ||xj||x < 1. By (I2.4p . for n, m > n 0 , we have 


u { D ) 

[ Fn (& j ) — F m ( Otj ) 


1 = 1 


Fn(oij—l) T F rn ( Oij _ [ )] Xj 


< £. 
Y 


Thus taking the limit m —> oo we obtain 


u ( D ) 


^[Fniaj] - F(oij) - F n {atj- 1 ) + F{atj- 1 )] x 3 


3 = 1 


Y 


< e, 


that is, V((F n — F),D) < £, for n > no- Since the division D G T>[a,b] is arbitrary, it 
follows that lim^oo SV(F n — F) = 0, concluding the proof. □ 


The following theorem proves that the functions of bounded variation are multipliers 
for the space SV([a,b], L(X,Y)) (see [221 Lemma 1.1.11]). 


Theorem 2.6. Let F G SV([a,b],L(X,Y)) and G G BV([a,b],L(X)). Consider the 
function FG : [a, b] — > L(X,Y) given by ( FG)(t ) = F(t)G(t) for t G [ a, 6 ]. Then 
FGe SV([a,b\,L(X,Y)) and 

S V b a (FG) < UTIL var^(G) + \\G\U S Y b a (F). 


Proof. Consider a division D = {a 0 , «i, • • ■, & v ( d )} of [a, b] and let xj G X, j = 1..., u(D) 
with 11 xj 11 x < 1. Therefore 

.. CD) 


^[(FG)( aj )-(FG)(a,_,)]i, 


3 =1 


Y 


CD) 


— jj ^ ] | F ( Qj ) G(cty) — F{a.j) G(cy.j_i ) T Ffotj'} G(ttj_i) — Fi^otj—f) G(oj_i)] x 

3 = 1 

CD ) v ( D ) 

< || F ( a 3)i G ( a j) ~ G ( a j~ l)] X 3 + || J2i F ( a j) ~ F ( a 3- 1)] G ( a 3- 1) X 

1=1 

CD) 


Y 


1=1 


Y 


< imiloo E IIGfe) - G(«i-i)| \ux) + IIGII. 

1=1 

< ll-^lloo var^(G) + IIGHoo SV„(F). 


CD) 


^2[F( a j) - F ( a 3-i)\ 


G(aj i) Xj 


l=i 


l|G||c 


Y 





















This implies that 


V((FG),D ) < Halloo var^(G) + I^IU SV^(F) 


for every D G T>[a,b], wherefrom the result follows. 


□ 


The next theorem presents some algebraic properties of the semivariation. 

Theorem 2.7. If F : [a, b] —» L(X,Y) and [ c,d] C [a, b], then 

S Vt(F) < SVj(F). 

Moreover, 

SV‘(F) < SY=JF) + SV‘(F) for c € [a, 6]. (2,5) 

Proof. It is easy to see that, for every division D of [c, d], taking D = D U {a, b}, we have 
D G T>[a, b] and 

V(F. D. M)< V(F, AMD < SVi(F), 

Therefore S V d c (F) < S V b a (F). 

To prove the super additivity, given c G [a,b] and an arbitray division D G T>[a,b], 
consider Di = (D fl [a, c]) U {c} and D 2 — (D D [c, b\) U {c}. Clearly, Di and D 2 are 
divisions of [a, c] and [c, b], respectively. In addition, 

V(F, D, [a, 6]) < V b a (F, D U {c}, [a, b]) < V{F, D u [a, c}) + V{F, D 2 , [c , 6]). 

Hence 

V{F,D,[a,b])<SV c a (F) + SV b c (F) for every DeV[a,b], 
which leads to the inequality (12.5)1 . □ 


According to the previous theorem: if F G SV([a,b], L(X,Y)), then F is of bounded 
semivariation on each closed subinterval of [a,b ]. As a consequence we have the following. 

Corollary 2.8. Let F G SV([a, b], L(X, Y)) be given. Then 

1. the mapping t G [a, b] i —> SV* (F) is nondecreasing; 

2. the mapping t G [a, b] i —> SX b (F) is nonincreasing. 

Theorem 12.71 indicates that, unlike the variation, the semivariation need not be additive 
with respect to intervals. Next example shows that the inequality in (12.511 may be strict. 

Example 2.9. Let F : [0,1] —* L(M, If) be the function given on Example 11.31 that is, 
for t G [0,1] and iGR, 


where yk 


(F(t)) x = 


yk 

k =1 

X S 


if te (t+T’ n]> n 

if t — 0 


\e k G £ 2 0for k G N, and S = YlkLi Vk- 


1 For k G N, e k denotes an element of the canonical Schauder basis of t 2 . 
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We will prove that 


(2.6) 


SVl(F) <SVS(F) + SV\(F). 

2 

1 

First, let us calculate SVjj(F). 

Given a division D = {cto, a i, • • •, ot v {D)} of [0, |], as in Example 11.31 put 

rij = max{A; G N : kaj < 1} for j — 1,..., v(D), 

and A = {j : rij < rij- 1 } C {2,..., u(D)}. For Xj G M, j — 1,..., v(D) with \xj\ < 1 we 
have 


u { D ) 

~ i)]xi 

i=i 


= (E 


k= 1 


k =3 


Afc 

\T 


2 \ 1/2 


< 


E 

k=3 


1 \l/2 

fcV ' 


where for k G N, fc > 3, is given as in (II.ip (note that the corresponding rij satisfies 
rij > 2, j — 1,, u(D)). In view of this, it is clear that 


SVJ(F)< Elf 


1 \ 1/2 


- 


k=3 


k 2 J 




The equality SVq (F) = \J^ — § is a consequence of the fact that 

1 / 00 1 \ 1/0 
V(F,D n ,[ 0,-])=(^_) 


k =3 


for any division Dn = |0, ..., | j with JVgN. 

On the other hand, it is not hard to see that SVi(F) = Indeed, for any division 

2 1 

D = {a 0) cki, • • •, °f [|,1] and for any choice of Xj G 1 R, j — 1,..., u(D) with 

\xj\ < 1 we have 

HD) 

~ F ( a i~ i)] x 3 = t F («i) - ^(g)] Xl = ~ x i ^ = ~y e 2 

3 =1 

Hence, V(F, D, [|, 1]) = 

Recalling that SVq(F) = y/ ^ — 1, we conclude that (12.61) holds. 


In the sequel we provide some further characterizations of the semivariation of a func¬ 
tion. The first one, Theorem 12.101 can be found for instance in pMl Proposition 1.1] or 
m Theorem 1.4.4]. Basically, it connects the notions of semivariation and £>*-variation, 
with respect to the bilinear triple B* = (L(X, Y), L(X), L(X , Y)) (for definition see [22]). 


10 
















Theorem 2.10. For F : [a, b] —> L(X,Y) and D G V[a,b] put 


u(D) 


V‘(F, D) = sup { || E [ F Gj) - F Gj-i)] G, 

3 = 1 


L(X,Y) 


: G, 6 L(.Y), ||Gj|| IW < 1 


Then 


SVa(F) —swp{V*(F,D) : DeV[a,b]}. 


Proof. It is enough to show that 

V*(F, D ) = V{F, D) for every D G D[a, 6]. 

Let D = {a 0 > ot i,..., a^o)} be a division of [a, 6]. For Gj G L(X), j = 1,..., v(D) 
with ||Gj||i,(x) < 1 we have 


u{D) 

E h(“i) - F (“;-i)] G > 

3 = 1 


= sup 


u{D) 

E - F (aj-i)] G 

i=i 

= sup J] [F(aj) - ^K'-i)] (Gj-z) 
lhllx<i j =1 

u(D) 

< sup ^ [^(ajj) - -F(ttj-i)] Vj 


Y 


Y 


Vj IIX <1 " J=1 


y 


(where the last inequality is due to the fact that || Gj z\\x < 1 provided ||-||v < 1)- Hence 
V*(F, D) < V(F, D). 

To obtain the reversed inequality, let us choose w G X and tp G X* such that ||w|| y = 1, 
Mx- = i and <p(w) = 1 (which exists by the Hahn-Banach theorem, c.f. [TS] Theorem 
2.7.4]). Given Xj G X, j = 1,, u(D) with ||xj||x < 1 consider Gj G L(X) defined by 

Gj x = p(x) Xj for x G X. 

Note that, ||Gj||l(x) < 1 and Gj w = x 3 for j = 1,..., v(D). Thus 


HD) 

[ F ( a i ) ~ F ( a 3 ~ l )] X 3 

3 =1 


Y 


HD) 

E l F (°i) - F (“j-i)] (Gj w) 

3 =1 
HD) 

E [ F («j) - F (oj-i)] g 

3 = 1 
v(D) 

< | E t F (“j) - F (“j-d G 

1=1 


5" 


VJ 


Y 


L(X,Y) 


\w\\x 


which yields V(F, D) < V*(F, D) concluding the proof. 


□ 
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Remark 2.11. In a more general formulation, V*(F, D) in Theorem 12. lOl can be defined so 
that the supremum is taken over all possible choices of Gj G L(Z, X ) with ||Gj||l(z,x) < 1, 
j — 1,..., v{D)\ where Z is an arbitrary Banach space. 

The following theorem, stated in [22j 3.6, Chapter I], will be useful for the investiga¬ 
tion of continuity type results for semivariation. The characterization presented involves 
functions (y* o F) : [a,b] —> X*, obtained by the composition of F : [a, b] —> L(X, Y ) and 
a functional y* G Y* which reads as follows 

(y*oF)(t)(x) = y*(F(t)x) for t G [a, b], x G X. (2.7) 


Theorem 2.12. The semivariation of a function F : [a,b] —y L(X,Y) is given by 

SV^(F) = sup { var* {y* o F) : y* G Y*, || y'\\ Y . < l}. (2.8) 

Moreover, F G SV([a,b],L(X,Y)) if and only if (y* o F) G BV([a, b], X*) for ally* G Y*. 

Proof. Let D G 27 [a, b], D = {a 0 > a i,..., a^p)}, be given. For Xj G X, j — 1, ..., i'(D) 
with 11 xj 11 x < 1 we have 

U( D) 

j = 1 


= sup 


< sup 


u(D) 


•(El^l-^V-i)]^)! Yer, I|y*||y. < 1 

3 =1 

U (D) 

^ |[?/* ° r(a,) — y*o F(a,_i)] x,| : y'e Y‘, Mv < 1 

3 =1 


Therefore, 


[ «/(£>) 

R(F,27)<supj ^ lb* o F(a j ) - y* o F(aj_i)||** : y* &Y*, \\y*\\ Y . < 1 

for every 27 G 27[a, 6], and consequently 

SV‘(F) < sup { var* I;,/' »F):,'e K\ ||j*|| y . < 1}. 


(2.9) 


On the other hand, given y* G T* with ||y*||y* < 1 and £ > 0, for j = 1,. . ., z/(Z7), 
there exists Xj G X with 11 x j 11 x < 1 such that 

I \V* ° F( a j) ~ V* ° F ( a J- i)IU* - fTfyj < |[y* ° F ( a i) -2/* ° F («i-i)] x j\- 
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If we put A j := sgn ([?/* o F(aj) — y* o F(aij_i)] Xj) and Xj = A j Xj for j = 1 ,..., z/(iA), 
then we obtain 

u(D) 

ll y* ° F ( a j) ~y*° F (°b-i)IU* - £ 

3 = 1 

V {D) 

F 0i) - 2/* ° F («i-i)] 

1=1 

^(D) u(D) 

< 15^ [ 2 /* ° F (®j) -y*° 0] 

j=i j=i 


?/*( - F ( a J- 1 )] %) 


<lb* 


y* 


v(D) 

E( F < 

i=i 


« 3 ) - F(a^,)] % ( .<SV:(F) 


Taking the surpremum over all D G V[a,b], we get var^(y* o F) < e + SV^(F). Since 
£ > 0 is arbitrary, it follows that 

var b a {y* o F) < S V b a {F) for y* G Y* with ||j/*|| y . < 1, 


which, together with 1I2.9H . proves the result. 


□ 


The equality in (12. 8 j) is used, in a more general way, to define the notion of semivari¬ 
ation in the frame of functions with values in an arbitrary Banach space (cf. [4j). More 
precisely, if Z is a Banach space, the semivariation of / : [a, b] — * Z is given by 

semivar^(/) = sup { var^ (z* o /) : z* G Z*, ||z*|| z . < l}. 

where the functions (z*o /) : [a,b] —» M are defined as in (I2.7[l with an obvious adaptation. 

Thereafter, for operator-valued functions two notions of semivariation can be derived. 
However, no direct connection between them is established since such connection would 
rely on a characterization of the dual space of L(X,Y). On the other hand, as observed 
in [3], given a function F : [a, b] —* L(X, Y), those two notions are related as follows: for 
each iGl the function F x : t G [a, b] t-G- F(t)x G Y satisfies 

semivar^) < S V b a {F). 


3 Semivariation and variation 

We have mentioned in Section 1 that every function of bounded variation is also of 
bounded semivariation, that is, 

BV([a,b],L(X,Y)) C SV{[a,b],L{X,Y)). (3.1) 
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This section is devoted to the study of conditions ensuring the equality of these two sets. 
To start, we investigate the case when Y is the real line. 

Theorem 3.1. Let F : [a,b] —> X* be given. Then, F £ SV([a,b], X*) if and only if 
F £ BV([a,b],X*). In this case, S V b a (F) = var b a (F). 

Proof, is analogous to the proof of Theorem 12.121 In summary, it is a consequence of the 
fact that we can write 



r PD) 

\ 

V(F, D ) = sup < 

_ x i 

: Xj £ X, llxjllx < 1 ) 


u(D) 

- ll F (%)* F ( Q h-i)IL 

3 = 1 

for every division D = {cto, «i, ..., a v (D)} of [a, b ]. □ 


Remark 3.2. Given n £ N consider a function F : [a, b] — > L(X, R n ). Writing F = 
(F\, ..., F n ) with Fj : [a, b] —> X*, j — 1,..., n, it is clear that 

F £ BV{ [a, b ] , L(X, M n )) if and only if Fj £ BV( [a, b} , X*) , j = 1,..., n 

and similarly 

F £ SV([a,b},L(X,R n )) if and only if Fj £ SV([a,b],X*), j = l,...,n. 

With this in mind, the assertion in Theorem 13.11 can be extended to the case when Y is 
an Euclidean space. More generally: ifY is a finite dimensional Banach space, we have 

F £ SV([a,b],L(X,Y)) if and only if F £ BV([a,b],L(X,Y)). 

The following example presents a function of bounded semivariation whose variation 
is not finite. 


Example 3.3. Let F : [0,1] —>■ L(M, If) be the function given on Example 11.31 that is, 
for t £ [0,1] and x £ M, 


(F(t)) x = 


x Y yt 

k =1 

x S 


if * e (TPl’nl’ 71 
if t — 0 


where y k = \e k £ I 2 I 

2 For k £ N, e k denotes an element of the canonical Schauder basis of 1 2 . 


(3.2) 
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We know that F G 5 V ([0,1],L(M, Iff). On the other hand, since 


H F (i) -F (fc+i)IU(»A) = WVk+ih = for every k G N, 


we have 


N+l ^ N 


Y. l < E ll F (|) - F (jtl)IUc>.&) + ll^(Wr) - ^(0)IU(R, & ) < va 4(F), 


k =1 k =1 


for any choice of N G N. Therefore var^F) = oo. 

The main tool for the construction of the function in the example above was the 
sequence {y n } n in I 2 whose series converges but not absolutely. Recalling that for infi¬ 
nite dimensional Banach spaces we can always find a sequence with such property (due 
to Dvoretzky-Rogers Theorem IA.5I presented in the appendix), one can see that finite 
dimension is a necessary and sufficient condition for the equivalence between bounded 
variation and bounded semivariation. We remark that in |401 Theorem 2] this equivalence 
was actually proved for functions defined on a ring of sets. 

Using the ideas from [4D], we will show that for infinite dimensional spaces Y the 
inclusion in (13.11) is strict. 

Theorem 3.4. If the dimension ofY is infinite, then there exists F G SV([a, b], L(X, Y)) 
such thar var^(F) = oo. 

Proof. By the Dvoretzky-Rogers Theorem I A. 51 and its Corollary IA.6I in the Appendix, 
there exists a sequence {y n }n in Y such that the series y n is unconditionally con¬ 

vergent but not absolutely convergent. Considering an increasing sequence {t n } n in (a, b) 
converging to b and fixing an arbitrary ip G X*, with ||v?||jv* = 1 , let 



t k <t 


Note that F : [a, b] —» L(X,Y ) is well-defined (see Theorem I A. 31 in the Appendix). 

We claim that the variation of F is not finite. Indeed, given N E consider the 
division Dn = {to, h, ..., fjv+i, b} formed by elements of the sequence {t n } n and t 0 = a. 
Noting that 


hkWv = ||^(4+i) - F(tk)\\ L (x,Y) for every k G N, 


we have 


N N+l 


E - E - F (tj-i)\\L(x,Y) + || F(b) - F(t N+ i)\\ L ( X ,Y) < var b a (F). 


k =1 j =1 
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Since Vn is not absolutely convergent, it follows that var^(F) = oo. 

Let us show that F G SV([a, b], L(X, Y)). Consider a division D = {a 0 ,..., ol v (d)} of 
[a, b] and let Xj G X, j = 1,, v(D) with ||xj||x < 1. Thus 


v(D) 


- F ( a j- i)} x j 


3 = 1 


Y 


v(D) 

J2 W 

3 = 1 


Xj 


^)|| y = ||E^ 


U: C [&j — 1 -Y;j ) 


k =1 


Y 


where (3k = <p(xj) if 4 G [aj_i,<x,), for some j = 1,..., v(D), otherwise (3k = 0. By 
Lemma [A.41 from the Appendix we know that the set 


^ A n y n : X n G R with |A n | < 1, n G 


N 


„ n =1 


is bounded in Y. Thus, 


PkVk is bounded (uniformly with respect to the choice 


Y 


of Xj G X, j = 1,, v(D)) and, consequently, SV*(F) < oo which proves the result. □ 


According to Remark 13.21 and Theorem l3.4l we conclude that the notion of semivariation 
is relevant only in spaces with infinite dimension. 


Corollary 3.5. The following assertions are equivalent: 

(i) the dimension of Y is finite; 

(ii) every function F G S'V’Qa, b], L(X, Y)) is of bounded variation on [a, b]. 

Regarding the function F in (13.21) . it was shown on Example 12.91 that its semivariation 
is not additive with respect to intervals (see (12.61) 1. It turns out that such additivity 
type property can be used to identify whether a function of bounded semivariation has a 
bounded variation as well. This is the content of the following theorem. 


Theorem 3.6. Let F G SV([a,b],L(X,Y)). Then F G BV([a,b], L(X, Y)) if and only 

if 

(YD) ] 

M := sup < SV“^_ 1 (F) : DeV[a,b] \ < oo. (3.3) 


3 = 1 


Moreover, in this case, var b a (F) = M. 


Proof. Assume (13.31) holds. Given e > 0, for D G T>[a, b], with D = {a 0 ,ai, • • • ,«i/(d)}, 
we can choose Xj G X, j — 1,, v(D) with ||xj||x < 1 such that 


II F(aj) ~ F{a.j-i)\\ L ; X ,Y) 


£ 


< II [ F ( a j) - F (<Xj-l)]Xj\\ Y - 
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Noting that, for j — l. , v(D), 

|| [F(a J -)-F(a J -_i)] % || r <SV“*_,(F), 

it follows that 

u{D) u(D) 

V l|F(aj) - F-(as-,)ll W) - £ < E SV ?-.< F ) ^ M • 

3 = 1 i =1 

Therefore, taking the supremum over all divisions D E T>[a,b] we obtain 

var^(F) < M + e. 

Consequently F G W([a, 6], L(X, F)) and, since e > 0 is arbitrary, var^(F) < M. 

On the other hand, for any division D = {ck 0 , ay, ..., a„(D)} of [a, b] we have 

u{D) »(D) 

E sv °y s e ^-.(y= var »y)' 

i=i j=i 

wherefrom we conclude that var^(F) = M. □ 

4 Semivariation: limits and continuity 

It is well-known that a function of bounded variation is regulated, that is, the one-sided 
limits exist at every point of the domain (see [20] Theorem 1.2.7] or [.21 Lemma 2.1]). 
In this section we investigate the connection between functions of bounded semivariation 
and regulated functions. 

Following the notation in |[22], if / : [a, b] —» X is a regulated function [a, b], we write 
/ G G([a, b], X), and the one-sided limits are denoted by 

fit-) = lim f(s) and f(t+) = lim f(s) 

s — yt — s— U+ 

for t G [a, b] with the convention /(a—) = /(a) and f(b +) = fib). 

Another useful notion through this section is the semivariation on half-closed intervals. 

Definition 4.1. Given F : [a,b] —y L(X,Y) and c, d G [a, 6], c < d, the semivariation of 
F on a half-closed interval [c, d) is given by 

SV M) (F) = lim SV^(F) = sup SV*(F). 

t ^ d ~ te[c,d) 

In analogous way, we define the semivariation on the half-closed interval (c, d] by 


Theorems 12.71 and 12.81 guarantee that the semivariation over half-closed subintervals 
of [a, b] is finite for every function from SV([a, b ], L(X, F)). 

In what follows we show that a function of bounded semivariation is regulated provided 
some conditions on the semivariation over half-closed intervals are satisfied. 


Theorem 4.2. Let F G SV([a, b],L(X, F)) be such that 

(4.1a) 
(4.1b) 

Then F is a regulated function on [ a,b ]. 


lirn SV[ t -s,t)(F) = 0 for every t G (a,b\, 

S—t 0 + 

lirn SV( t ,t+g](F) = 0 for every t G [a, b). 

o— >-0+ 


Proof. Given t G (a, b] we will prove that F(t—) G L(X, Y) exists. To this aim, consider 
an increasing sequence {t n } n in (a,t) converging to t. 

Let £ > 0 be given. By (14. lap there exists 5 > 0 such that 


SV [ts,t) {F) < £ 


Moreover, there is IV G N so that t n > t — <5 for every n > N. Thus, for m > n > N and 
x G X with 11 x 11 y < 1 we obtain 


II [F(t m ) - F{t n )}x || y < SV^(F) < S V [t -s,t)(F) < £ 

which implies that F(t—) exists. Analogously, using (14. lbh . we can show the existence of 
F(t+) for every t G [a, b). □ 


Remark 4.3. It is not hard to see that, replacing (14.1 all and (14.lbjl by 

lim SX t t _ 5 (F) = 0 and lim SV^ +,5 (F) = 0 for every t G [a, b], 

(5-j>0+ (5^0+ 

it follows that F is continuous on [a, b\. 

Next lemma is the analogue of m Proposition 4.13] and provides a condition ensuring 
that (14. lap and (14.1bl) hold. 

Lemma 4.4. IfY is a weakly sequentially complete Banach space, then (14.lap and (14.lbjl 
are satisfied for every F G SV([a, b ], L(X, F)). 

Proof. By contradiction assume that there exists a function F G SV([a, b], L(X, F)) such 
that for some t G (a, b] we have lim, 5 _> 0 _|_ SV[ t _s,t){F) = M > 0. Hence, there is <5i > 0 
such that 

sup S V s t -s(F) = SV[ t - S ,t)(F ) > for 0 < 5 < 6^ 

sE[t—S,t) " 
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Put Si — t — S\. In view of the inequality above, there exists s 2 G (si, t) so that 

M 

SV-(F) > 

Moreover, SV[. S2jt )(F) > 4^. Thus, we can choose s 3 G (s 2 ,£) with 


M 


SV2(F)>— and SV [s3 ,q(F) > 


M 


S2V* / ' 2 - “ ' " 2 

If we proceed in this way, we obtain an increasing sequence {s n } n in (a, £) such that 

M 

lim s n — t and SV;P +1 (F) > —, n G N. 

71—»• OO n 2 

Having this in mind, for each n G N, we can find a division F n = {a^\ a\ n \ ..., ctl™' 1 } of 
[s n , s n+ i] and G X, j = 1,... ,u n with ||x^||x < 1 such that 


j -1 


( n ) 


M 

Y > T 


Let 

2/ n = y^[F(o;| n) ) - F(o'^ 1 )]x^ for nGl 
i=i 

We claim that Iz/*(2/n)I < 00 for every y* G F* with ||y*||y* < 1. Indeed, given 

IV G N, we have 


N N v n 

J2 \y*(y™)\ = 52 52 // 'C / ' (n .r ) _ F ( a l-i)H n) ) 

71— 1 71— 1 J = 1 

N is-n 

- 52 ° F ( a j n) ) ~y*° F ( a t- i)iu* 

n=l j=l 
N 

< var®" +1 (y* o F) — var*f +1 (y* o F). 

71—1 

which together with Theorem 12.121 leads to 

N 

Y. I»*(»~)l < SV»+‘(F) < s V M (F) < OO. 

71—1 

Thus, we conclude that the series y n is weakly (unconditionally) convergent. Since 

F is weakly sequentially complete, it follows that Vn converges in Y (see Theorem 

lA.IOl in the Appendix). This contradicts the fact that ||y n ||y > > 0 for every n G N. 

In summary, we conclude that (j4. 1 a|) holds for every function from SV([a, b ], L(X, F)). 
Analogously we can show that (I4.1bl) is also true. □ 
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The results above, together with [2ZI Corollary 1.3.2], lead to the following conclusion 
about the continuity of a function of bounded semivariation. 

Corollary 4.5. Let F G SV([a,b], L(X,Y)). If Y is a weakly sequentially complete 
Banach space, then F is continuous on [a,b] except for a countable set. 

Remark 4.6. Recalling that reflexive spaces are weakly sequentially complete (see m 
Theorem 2.10.3]), Lemma [4.41 as well as Corollary 14.51 remains valid for Y reflexive. 

According to the characterization given in Theorem 12.121 for F G SV([a, b], L(X, Y)) 
and y* G Y*, the function y* o F : [a,b ] —> X* is of bounded variation on [a, b\. This 
implies that for each t G [a, 6] both limits 

lim y* o Fit — 6) and lim y* o Fit + 5) 

exist in X*. Such limits can described by means of an operator mapping X into the 
second dual Y** of Y. Now, we need to fix some notation to make our statement more 
precise. 

Given U G L(X, Y**) and y* G Y*, we can define a linear functional y* • U : X —> M 
by setting (y* • U)(x) = (U(x))(y*) for every iGl. 

Theorem 4.7. Let F G SV([a, b], L(X, Y). Then, for each t G (a, b\ and s G [a, b), there 
exist F(t—), F(s+) G L(X,Y**) such that, for every y* G Y*, 

lim y* o Fit — 5) = y* • F(t—) and lim y* o F(s + 5) = y* • F(s+) 

<5->0+ <5—>-0+ 

where y* o F is as in 

Proof. Without loss of generality, let us assume F(a) = 0. Given t G (a, b], for each 
y* G Y* there exists T y * G X* such that 

limy*oF(t-6) = T y *. 

Considering T : Y* — y X* defined by T(y*) = T y *, y* G Y*, clearly T is linear. Moreover, 
by Theorem 12.121 

\\y* o F(t — 5)||x* < ||2/*||y* SV^F) for every y* eY *, 

hence T G L(Y*,X*) with ||T|| L( y* >x ,) < SV^(F). 

Let T x : X — y Y** be the mapping which associates to each x G X the linear functional 
x x : Y* —» M given by x x (y*) = T y *x for y* G Y*. Note that, for every x G X and y* G Y*, 
we have 

lim (y* o F(t — 5))x = T y *x = x x (y*) = (y* • T x )(x). 

5 ^- 0 + 

Therefore F(t—) = T x G L(X, Y**) is the desired operator. Similarly, we can construct 
F(s+) G L(X, Y**) for s E [a, b). □ 
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The theorem above suggests that functions of bounded semivariation are regulated 
in some weak sense. For operator-valued functions a more general notion of regulated 
function can be defined. 

Definition 4.8. Given F : [a, b] —y L(X, Y), we say F is simply regulated on [a, b] if, for 
each x G X, the function t G [a, b] i —> F(t) x G Y is regulated. We will denote the set of 
such functions by S'G'Qa, b ], L(A', F)). 

From the Banach-Steinhaus Theorem (c.f. [HS Theorem 2.11.4]), given a function 
F G S'G'Qa, b], L(X, Y)), for each t G (a, b] there exists F(t—) G L(X, Y) such that 

lim F(s)x = F(t—)x for every x G X. 

s — >t — 

Analogously, for t G [a, b), we have F(t+) G L(X,Y) satisfying lim F(s)x = F(t+)x for 

■s—U+ 

every iGl. 

The concept of simply regulated function appears in the literature under different 
nomeclatures (see 1221 and [33]), for instance, weakly regulated or (£>)-regulated with 
respect to the bilinear triple B = (L(X, Y), X, Y). Our choice follows the work of Honig 
in [23], among other of his publications and followers (see also [3]). In some sense, such 
terminology could be seen as reference to the notion of regulated function in the weak* 
topology - also known as simple topology. 

By the Definition 14.81 it is clear 

G([a,b],L(X,Y)) C SG([a,b],L(X,Y)) 

(for details, see [33] Proposition 3]) 

Recalling that BV([a,b], X) C G([a,b], X), we could expect that a similar relation 
would hold in the frame of functions of bounded semivarition relatively to the notion of 
simply regulated functions defined above. The following example, inspired by [Tj, shows 
that this is not the case. 

Example 4.9. Let ^ 00 be the Banach space of bounded sequences x = {x n } n in R, 
endowed with the usual supremum norm 

||x||oo = sup{ |x n | : n G N}. 

Denote by e*,, k G N, the canonical basis of where e*, is the sequence which is 1 in 
the k -tli coordinate and null elsewhere. 

Consider the function F : [0,1] —* L(£ 00 ) given by 

\ x ien if t G (^i, J], ne N, 

(F(t)) x = { 

0 if t = 0 
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for t G [0,1] and x = {x n } n G 
Note that, for every k G N, 


ll[^(i) - F (fcTi)] ei||oo = \\e k ~ Cfc+iHoo = 1. 

Hence lim*.^,*, (F(^))er does not exist and, consequently, neither do F(0+). This shows 
that F is not simply regulated. 

Let us prove that F G <SV([0,1], L^oo)). Given a division D = {a 0 , ai,..., a u ^)} 
of [0,1], let kj = max {A; G N; kaj < 1} for j = 1 ,...,u(D). Considering x 3 G C*,, 
Xj = j — 1, • - • j v(D) with 11Xj||oo < 1, we have 

u{D) u(D) 

^[F{aj) - F(a j -i)}xj = x^ e kl + ^ [4 J} % “ x i ] 

3 =1 J=2 

Taking A = {j : kj Z kj_ i} C {2,..., v(D) — 1}, we can write 

U( D ) 

F{aj ) - F(a j _ 1 )\x j = x^ e kl + [z? e fe . - x[ j) e k ._^\ + x^ (Z))) e fci/(D) 

j= i ieA 

— 2^ A? % + Xl e G(o) 
jeAu{i} 


where, for each j G A U {1}, Aj corresponds to the difference between two elements of the 
set : i = 1,..., v(D) — 1}. Clearly |Aj| < 2, thus 


u{D) 

[ F ( a j) “ F ( a 3-i)\ x i 


j=i 


< 2 
oo 


which implies that SVq(F) < oo. 


In view of this, a quite natural question arises: under which conditions is the space 
SV([a,b], L(X)) contained in the set of simply regulated functions? 

In [3], Theorem 1] it was proved that the inclusion holds whenever X is a uniformly 
convex Banach space. Later, a final answer was given in [3], where a necessary and 
sufficient condition was established. 

Aiming to present such result here, we have to consider a very special class of spaces, 
namely, all Banach spaces which do not contain an isomorphic copy of c 0 (by Cq we denote 
the space of sequences in M converging to zero with respect to the supremum norm). By 
the Theorem of Bessaga and Pelczinsky (see Theorem I A. 9 1 in the Appendix), the fact that 
a Banach space X does not contain a copy of cq is equivalent to the following property: 
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(BP) all series ^ ~^x n in X such that ^ \x*{x n )\ < oo for every x* G A"* are uncondition¬ 
ally convergent. 

Using this caractherization, we will present in details the relation between the sets 
SV([a,b], L(X)) and SG([a,b], L(X)) described in [3J Theorem 5]. 

Theorem 4.10. The following assertions are equivalent: 

(1) X does not contain an isomorphic copy of c 0 

(2) every function F : [a,b] —> L(X) of bounded semivariation is simply regulated. 

The proof of this theorem is contained in the following two lemmas. 


Lemma 4.11. If X does not contain an isomorphic copy of c 0 , then 


SV([a,b], L(X)) C SG([a,b],L(X)). 

Proof. Given F G SV([a, b ], L(A)) and x G X, x ^ 0, let F x : [a, b] —> X be the function 
given by 

F x {t) = F{t)x for t E [a, b]. 

Fixed an arbitrary t G (a, b\, to show that the left-sided limit F x (t—) exists, consider an 
increasing sequence {t n } n on (a, t ) converging to t. 

Let x* G X*. For JVgN, taking the division D N = {t 0 , U,..., tjy, b} of [a, b] formed 
by elements of the sequence {t n } n and t 0 = a, we have 

N / N \ 

£ |V(F,(%) - fife'-,))! = V £[F( tj ) - F(i,_,)] A, x 

3 =1 \ 3 =1 / 

where \ 3 = sgn (x*(F x (tj) — F x {tj _\))) for j — 1,..., N. If we put x 3 = AA, we get 


N 


T \x*(F x (tj) - F^tj-x)) 1 < ||x*||x*IM|x 

J=1 


TV 


^[F^) - F(tj-i)] x, 
3 =1 




<||x*IU* ||x|U SV*(F). 


Since the inequality is valid for every N E N, we conclude that 


^ I x*(F x [t n ) - F x (t n _ i))| < oo, x* G A*. 

n=l 
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By the property (BP) of the space X, the series ( F x (t n ) — F x {t n _ i)) converges to 

some 261 and, consequently, 

n 

lim F(t n ) x = lim (F x (t k ) - F x (t k - 1 )) + F x (a) = z + F(a) x. 

n—>-oo n —>oo ' ^ 

k=1 

It remains to show that the limit does not depend on the choice of the sequence {t n } n . 
To this aim, let {s n } n be another increasing sequence with lim n _ > . 00 s n = t. By the same 
argument used above, there exists z E X such that 

OO 

5 = Y] ( F x (s n ) - -F*(s n _i)) and lim F x (s n ) = z + F(a) x. 

z —* n —^oo 

n= 1 

Ordering the set {t n : n E N} U {s n : n E N} we obtain an increasing sequence {r n } n 
converging to t whose series {F x (fn) ~ F x (r n _ i)) also converges. Moreover, the 

limit linin^oo F x (r n ) exists. Since {F x (t n )} n and {F a .(s n )}„ are convergent subsequences 
of {F x (r n )} n , we should have 

lim F x (t n ) = lim F x (r n ) = lim F x (s n ) 

7 i—> oo n —>-oo n—voo 

which proves that z = z and F x (t—) = z + F(a ) x. 

Similarly, we can show that the right-sided limit of F x exists for every t E [a, b). □ 


The second lemma gives the reverse implication from Theorem 14.101 Roughly speaking, 
we will show that if Co is isomorphically embedded into the space Y, one can construct a 
function F : [ a,b] —> L(X) of bounded semivariation which is not simply regulated. 


Lemma 4.12. If SV([a, b], L(X)) C SG([a,b], L(X)), then X does not contain a copy 
of c 0 . 

Proof. By contradiction, assume that X contains a isomorphic copy of Co and denote it 
by Z. Let if : c 0 — > Z be an isomorphism and put z k := if(e k ) where e kl k E N, stands 
for the canonical Schauder basis of Cq. 

It is known that there exist positive constants C± and C 2 such that, for N eN, taking 
Xj E M, j = 1,..., N, we have 


Ci sup |Aj| < 

1 <j<N 


N 

Aj e :i 

3 = 1 


< C 2 sup I Aj I, 

00 1 <j<N 


(see [Kadets, Theorem 6.3.1], [Diestel, Theorem V. 6 ]). Thus, by the fact that Z and c 0 
are isomorphic, 


Ci sup |Aj| < 

1 <j<N 


N 

y! ^3 z j 

3= 1 


< C 2 sup IAd, 
x i<i<^ 


(4.2) 


24 








for N e N and Xj E M, j — 1,..., iV. 

Using the sequence z n , n E N, mentioned above and its properties we will construct a 
function F : [a,b] —> L(X) in a few steps. 


Step 1. Clearly, z n , n E N, defines a basis for Z and, for each k E N, the projection 
7Tfc : Z —y M, given by ’Kk(Yh n X n z n ) = \ k , is continuous (see [Diestel, p. 32]). Since (14. 2 p 
implies that 


N 

T^k ( Y, Zra) 

n=l 



N 

n =1 


5 

z 


N E N, 


we have ||vr fc ||^* < for every k E N. 

Step 2. For k E N, let S k : Z —> Z be given by 


k 

S k (x) = ^7 x n (x) z 2 k +n , for x E Z 

n=l 

Note that, S k is a bounded linear operator on Z for every k E N. Indeed, given x E Z, 
we can write 

k 2 k +k 

Sk(x ) = 7 r n (x) z 2 k +n = ^ PjZj 

n =1 j =1 

where f3j = 7r n (x) if j = 2 k + n for some n = 1,..., k, otherwise f3j = 0. Thus, by (14.21) . 
\\S k (x)\\ z < C 2 sup \j3j\ = C 2 sup |7r n (z)| < C 2 sup ||7r n || z .||x|| z , 

l<j<2 k -\-k 1 <n<k 1 <n<k 

which implies that ||5 , fc||i(^) < for every k E N. 

Step 3. Given j, k E N, put = 7 Yj o £*.. By the Hahn-Banach theorem, the functional 
fkj E Z* can be extended to a continuous linear functional on X satisfying 

\\fk,j\\x* = \\fk,j\\z* < ||7rj||z*||<S'fe|U(z) < (Ci) 2 ' ( 4 - 3 ) 


Step 4 ■ For x E X and k E N, let T k (x) = )T^ =1 f k . 2 k +j(x) z 2 k + j. Clearly, T k E L(X) and 
it follows from (I4.2[) and (14. 3 p that 


\T k (x)\\x = Z 2 k +n < C 2 SUp \fk, 2 k +j( x )\ < 

11 X 1 <j<k 


C 2 \ 2 n „ 
cl) l|a:|l - v ’ 


x E X, 


that is, ||T fc || /yx) < (^) 2 f° r all k E N. 
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We are now ready to define F : [a, b] —* L(A). Given x G A', let 


F(t)x = T k (x ) for t G (4+i,4] 

where 4 = 0 + ^+1, k G N. 

It is not hard to see that F is not simply regulated. Indeed, for each k G N, noting 
that S k (zi) = z 2 fc +i> we get 

k k 

F(t k )z 1 = T k (zi) = Y fk, 2 k +j( z l) z 2 *+j = Y n2h +3( Sk ( Zl )) Z 2 fc +j = “ 2 +b 
j= 1 j=l 

which by (14.2[) leads to 

111^(4) — ^(4+i)] z i\\x = ll^+i — z 2 k + l +i\[x > Cl. 

Hence the limit lim t _ ) . a+ F{t) z\ does not exist. 

Now, we will show that F G SV([a,b], L(X)). Considering a division D G U{a,b], 
with D = {ao, an, ..., cx u (d)}, let kj G N be such that a 3 G (4 3 -+i, t kj ], j = 1,. - -, v(D). 
For Xj G A', j = 1,..., v(D) with ||xj||x < 1 we have 

HD) HD) 

- F(a j _ 1 )\x j = T kl ( Xl ) + Y[ T kA x i) ~ T +-iO;)] 

3=1 3= 2 

Taking A = {j : kj ^ kj_ i} C {2,..., v(D) — 1}, we can write 
HD) 

Y [ F (°v) - F ( a 3-l)\ X 3 = Y T H (Vj) + T H(n) ( X HD )) 

3=1 jeAu{i} 


where, for each j G A U {1}, y 3 G X corresponds to the difference between two elements 

of the set {x; : i — 1,_, v(D) — 1}. Noting that ||?/j||x < 2, by (14.2j) and (j4.3p . it follows 

that 


| Yj Tkj (Uj 

jeAu{i} 


x 


| fkj,2 k j +n(yj ) Z 2 k j +n 

jGAUjl) n= 1 


X 


< C 2 sup |./ fei ,+, +n (;+)l < 2 ( 


C 2 \2 


Therefore, 


HD) 

Y[ F ( a 3) ~ F ( a 3-i)] x ' 
3=1 


i6AU{l} 


/C 2 \2 

< 21 — 

x - VCi 


ll r ^(c)( :r 4-D))IU < 3 


Co \ 2 


Cl 


wherefrom it follows that SV^(F) < oo. 

In summary, F G SV([a,b], L( A)) and F is not simply regulated, which is a contra¬ 
diction. Thus the lemma is established. □ 
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5 Semivariation and the Kurzweil integral 

In the recent years non-absolute integrals have been increasingly investigated. Among 
them it is worth highlighting the one due to Kurzweil, m, whose concept of integration 
has been the background of several papers related to differential and difference equations. 
See, for instance, [3f|, [L5] and [28] . 

This section is dedicated to investigate the connection between the semivariation and 
the integral due to Kurzweil in two different aspects. First, we present a result by Honig 
which generalizes the following fact: every function of bounded variation is a multiplier 
for Kurzweil integrable functions. Next, we apply the concept of semivariation to derive 
two convergence results for Stieltjes type integral and we conclude the section by proving 
a new characterization of semivariation by the means of the abstract Kurzweil-Stieltjes 
integral. 

In what follows we deal with special cases of the integral introduced by J. Kurzweil 
in [26]] under the name “generalized Perron integral”. For the reader’s convenience, let us 
recall its definition. 

As usual, a partition of [a,b] is a tagged division P = fa. []) where the set 
{cto, aq, • • •, «i/(P)} is a division of [a, b] and Tj E [cvj-i, otj] for j = 1,..., z/(P). A gauge 
on [a,b] is a positive function 5 : [a,b] —> M + . Furthermore, given a gauge 5 on [ a,b ], a 
partition P = fa, [otj-i, af\) is called h-hne if 

[<Xj- 1 , ctj] C fa - Sfa),Tj + 5{Tj)) for j = 1,..., v(P). 

Given an arbitrary gauge 6 on [a, b], the existence of (at least one) 5- fine partition is a 
known result, the so-called Cousin’s lemma (see m Theorem 4.1] or [3TJ Lemma 1.4]). 

A function U : [a, b] x [a, b] —* X is Kurzweil integrable on [a, b], if there exists I E X 
such that for every e > 0, there is a gauge 5 on [a, b} such that 

v{P) 

^[ U fai atj) -Ufa, oq_i)] - / 

3 = 1 

In this case, we define the Kurzweil integral as DU(t , t) = I. 

For a more comprehensive study of the properties of the Kurzweil integral we refer to 
the monograph [31] and references therein. 

Taking U(r,t ) = f(r)t for t E [ a,b ], where / : [a, b\ —> X is a given function, 
the definition above corresponds to an integration process based on Riemann-type sums, 
namely, the Henstock-Kurzweil integral. Such integral is known to extend the theory of 
Lebesgue integral. In what follows, when dealing with the Kurzweil-Henstock integral we 
will write simply f(t)dt instead of D[f{r)t]. 

Secondly, we are interested in the abstract Kurzweil-Stieltjes integrals F d [g] and 
J^d[F]g, where F : [a,b] —> L(X) and g : [a,b] —> X (see [33]). These integrals are 


< e for all 5-fine partitions of [a,b]. 
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obtained from the choices U(r,f) = F(r) g(t) and U(r,t) = F(t)g(r) for t,r G [a, 6], 
respectively. 

In the sequel we state two existence results for the abstract Kurzweil-Sticltjes integral 
relatively to functions of bounded semivariation (for the proof see [29] Thereom 3.3]). 


Theorem 5.1. Let F G SV([a,b], L(X,Y)). 

(■ i ) If g G G([a,b],X), then the integral f^Fd[g] exists and 



< (iinaiin+nnmu+svstr)) ni 


(ii) If F 6 SG([a,b], L(X)) and g € G([a, b], X), then the integral f” d[F]g exists and 


d[F]g <SV‘(F) 

A 


Let us denote by IC([a,b], X) the set of all Henstock-Kurzweil integrable functions, 
that is, all functions / : [a,b] —» X whose integral f(t)dt exists. The linearity of the 
integral implies that JC([a,b],X) is a linear space (cf. [IB] or [5T]). 

The following theorem, borrowed from [21' 1.15], shows that the functions of bounded 
semivariation are multipliers for the space K.([a,b\, X). 


Theorem 5.2. Let g e IC([a,b], X) and F e SV([a, b], L(X)). Consider the function 
Fg : [a, b] —* X given by ( Fg)(t ) = F(t)g{t) for t G [a, b]. Then Fg G JC([a, b},X) and 



F(t)g(t) dt 



(5.1) 


where g(t) = f* g(s ) ds for t G [a, b]. 

Proof. First of all, noting that the indefinite integral of g defines a continuous function 
on [a, b] (cf. [TB1 Theorem 9.12]), it is clear by Theorem 15.11 that f Fdg exists. 

Given e > 0, let <5i and 62 be gauges on [a, b] such that 


HP) 


“ 9 ( 013 - 1 )] - / Fd[g\ 

3=1 Ja 


<£ for all (h-fine partitions of [a, 6], (5.2) 


x 


and 


HP) ,t 

^29(Tj)( a 3- a i-i)- \ 

j =1 Ja 


g(s) ds 


< e for all f^-hne partitions of [a, b]. 


x 
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Due to the Saks-Henstock Lemma (see [31], Lemma 1.13]), for any (5 2 -fine partition of 
[a, b], P = ( Tj , [otj- 1 , ctj]), we have 


P P ) r« k 

Z [9( T k)(^k - Ofc-l) - / 
k=j J <Xk -1 


g(s ) ds 


< £ for j = 1,2,... ,^(P). (5.3) 


x 


Put 5(t) = min{5 1 (t), d 2 (t)} for t £ [a, b]. Given a h-fine partition P = (t 3 . [cKj_ 13 CKj]) 
of [a, 5], by (j5.2[) we get 


v(P) 


~ aj-i) ~ / ^d[<?] 


i=i 


x 


v(P) v(P) 

- II Z F ( T i)g( T j)( a 3 - a i-i) - Z F ( r l)[^(«i) - 

i=i i=i 

PP) nb 

Z F ( r i)[^(«i) - g( a i- 1)] - / Fd [^] 

J=1 Ja 

PP) 


x 


x 


< 


^2 F { T i)[g( T i){ a j- a 3-i) 

3 = 1 


^(s)ds 


'“j-i 


+ £ 


X 


In order to estimate the other term in the last inequality, we will make use of the 
following equality mentioned in 125: 


Z A 3 X 3 = Y^ A i - A 3-^ Z +A °\J2 


Xk 


3= 1 


3 =1 


v k=j 


,fe=1 


for all Aj £ L(A') and all Xj E X. Let us consider m = u(P) and also 

r a i 

A 0 = F(a), Aj = F{tj), Xj = g(Tj)(aj - aj- 1 ) - / p(s)ds 

JoLj-! 

for j — 1,... v(P). Note that, by (I5.3j) we have Y^k=j < £ for each j = 1,... v{P). 


Therefore 


x 


PP) 

Z 9(rj)(aj - atj-i) - 

3 =1 

PP) 


g(s)ds 


' 0,-1 


X 


< £ 




i=i 


+ 


•'(P) 


x 


F(a) ( Z 

j=i 


x 


<£(SV‘(F) + ||F( a )|| im ) 
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(where r 0 = a). Having all these in mind, we obtain 


HP) 

J2 F ( T i)s( T i)( a J ~ a i- 1 ) 


fdls] 


<£(l + SVS(F) + ||F(„)|| im ) 


3 = 1 




for all 5-fine partitions of [a, b], wherefrom we conclude that f l ' F(t) g(t) exists and the 
unicity of the integral leads to (15.11) . □ 


Remark 5.3. The theorem above is presented in [23] when integration by parts formulas 
for Henstock-Kurzweil integral are discussed. Indeed, taking into account the results from 
[36] (see also m Corollary 3.6]), the equality (15.1)1 can be rewritten as 



F(t)g(t) d t = F(b)g(b) 



Fd~g 


Moreover, due to the continuity of the function g, the Stieltjes-type integral in the formula 
above (as well as in (15.ID ) can be read as a Riemann-Stieltjes integral defined in the Banach 
space setting (see [21, 1.13]). 

We would like also to remark that the result in Theorem I5.2l remains valid if we replace 
the function g : [a, b] —» X by Henstock-Kurzweil integrable functions defined in [a, b] 
and taking values in L(X). 


Now we turn our attention to the connection between semivariation and the abstract 
Kurzweil-Stieltjes integral. First, we focus in Helly type result, that is, convergence 
results for the integral based on assumptions similar to those presented in Lemma 12.41 
The theorem in the sequel, to our knowlegde, is not available in literature in the presented 
formulation. 


Theorem 5.4. Let F : [a,b] —» L(X), a sequence {F n } n C SV([a, b], L(X)) and a 
constant M > 0 be such that 

SV^(F n ) < M for every n e N, 

and 

lim || F n [t) - F(t) ||l(x) = 0 for every t e [a, 6]. 

n—> oo 

If g G G([a, b], X), then the integrals f^Fd[g] and F n d [g \, n E N, exist and 


lim 

71 —> OO 



Fd[g). 


(5.4) 
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Proof. By Lemma 12.41 we know that F G SV([a, b], L(X)), thus the existence of the 
integrals is guaranteed by Theorem 15.11 (i). 

To prove the convergence, we first consider the case when g is a finite step function. 
Due to the linearity of the integral, it is enough to show that (15.41) holds for functions of 
the form X[a,r] x i X{r,b\ x , X[a\ x and X[b\ x , where r G (a, b) and x G X. 

Given r G [a, b ) and x G A", by [J % Proposition 2.3.3] (with an obvious extension to 
Banach spaces-valued functions) we have 


/ {F n - F) d[x[ a>T] x] = F(t)x - F n {r)x, 

J a 

hence (15.41) follows. Similarly, one can prove the equality for X[r.b] x , X[a] x and X[b] x - 

Now, assuming g G G([a,b], X) and given £ > 0, there exists a finite step function 
tp : [a, b] —> X such that \\g — (^Hoo < £ (see [221 Theorem 1.3.1]). Let n 0 G N be such that 


||(F n -F)(a)|| + ||(F n -F)(6)||<M and 


(F n -F)d[<p] 


< £ 


for n > no- These inequalities, together with (12. 1 1) and Theorem 15.11 imply that 


(F n -F)d[g] 


< 


(F n - F) d \g - ip] 


x 


+ 


(F„-F)d[d 


< {UK ~ f)(o)IU + ll(^ - F )(6)|| x + SV‘(F„ - F)) ||g - + e 

< (M + SV‘(F„) + SV‘(F)) e + e < e(3M + 1) 


for every n > n 0l which proves (I5.4[) . 


□ 


We remark that in [32] the convergence result above is proved for real-valued functions 
of bounded variation. 

Still a Helly type result, the following theorem concerns integrals of the form f a d[F] g. 

Theorem 5.5. Let F : [a,b] —> L(X), {F n } n C SV([a,b],L{X)) D SG([a, b],L(X)) and 
a constant M > 0 be such that 

SV b a (F n ) < M for every n G N, 

and 

lim ( sup \\F n (t)x — F(t)x\\x) = 0 for every x G X. (5.5) 

n->-oo \ t e[a,b] ' 

If g G G([a,b], X), then the integrals d[F] g and J b d[F n ]g, n G N, exist and 

9= [ d [F]g. (5.6) 

J a 


lim 

n—>oo 


d[F n 
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Proof. Given x G X, for each n G N put (F n ) x : t G [a,b] i—* F n (t)x G X. By 
(15.5p it follows that the sequence of regulated functions {(F n ) a .} ri converges uniformly 
in [a, b] to F x : t G [a, 6] i—» F(t)x G A". Hence, by [221 1-3.5] the function F x is 
regulated and, since it holds for each x G X, we have F G S'GQa, b ], L(AT)). Noting that 
F G SV([a, 6], L{X)) (see Lemma EOl) . the existence of the integral J^d[F]g, as well as 
the existence of J 6 d[F n ] g, n G N, yields from Theorem 15.11 (ii). 

In order to prove (15.61) . we first consider the case when g(t) = X[a,r](t)x for t G [a, 6], 
where r G (a, b) and iGl are arbitrarily fixed. For each nGNwe have 

b 

d [F n — F]g = lim F n (s)x — lim F(s)x — [F n (a) — F(a)]x, 

s — Yt — s — Yr — 

(cf. [33, Proposition 14]) or equivalently, 

d[F n - F]g = F n (r-)x - F(r-)x - [F n (a ) - F(a)]x, (5.7) 

where F n (r—), F{j— ) G L(X) are operators satisfying 

lim F n (s)x = F n (r—)x and lim F(s)x = F(t—)x 

s — Yt — s — Yt — 

for every x G X. Given e > 0, by (15.5[) there exists n 0 G N such that 

||[F n (t) — F(t)]x\\x < — for n > no and t G [a, b]. (5.8) 

o 

Fixed n > n 0 , we can choose 5 > 0 such that 

E . E 

\\F n (r—)x - F n (s)a;||x < ^ and || F n (r-)x - F n (s)x|| x < -. (5.9) 

Let us choose s G (r — 5, r). From (15. 8 p and (j5.9[) it follows that 
|| F u (t-)x - F(t—)x\\ x 

< ||F n (r—)x - F n (s)x||x + ||F n (s)5 - F(s)x|| x + || F(s)x - F(t-)x\\ x < e, 

which together with (15.81) applied to t = a, shows that the integral in (15.71) tends to zero. 
With similar argument we can prove that (j5.6j) holds when g is a function of the form 
X[r,b]X, X[a}% and X[b]X for r G (a, b) and x G X. As a consequence of the linearity of the 
integral we conclude that (I5.6[) is valid if g is a step function. 

Now, assuming that g G G([a,b], X) and given £ > 0, let ip : [a, b] —> X be a finite 
step function such that ||g — t^Hoo < £ (see [221 Theorem 1.3.1]). Thus, by Theorem 15.11 
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(i) we have 


d [F n -F]g 


< 


x 


d [F n — F](g — p) 


+ 




d[F n — F]p 


x 


<SV b a (F n -F)\\g~i f \\ 00 + 

r b 


d [F n — F] p 


x 


<2 Me + 


d[F n — F\ip 


x 


Since p is a step function, the result now follows from first part of the proof. 


□ 


Similar convergence results have been proved in [3D] and [25] in the frame of functions 
of bounded variation. 

In literature the notion of variation is sometimes described by the means of different 
integrals of the Stieltjes type. In [5], using the Young integral on Hilbert spaces, not 
only a characterization for the norm || • ||bv is presented but also the notion of essential 
variation is treated. Dealing with the semivariation and the interior integral (i.e. the 
Dushnik integral), it is worth highlighting [221 Corollary 1.5.2], 

Inspired by those results, we present here a characterization of the semivariation via 
the abstract Kurzweil-Stieltjes integral. To this end, we will need the following estimates 
whose proofs are quite similar to m Lemma 3.1]. 


Lemma 5.6. Let F : [a,b] L(X ) and g : [a, b] —>• X be given. For every partition 

P = (rj , [oij- 1 , otf\) of [a, b] we have 


u{P) 

F ( b ) aib) - Y F ( T j)[g( a j) - giatj-i)] 

3 = 1 


— Il^( a ) g( a )\\x + IMloo sv^(f), 

X 


Furthermore, if f^ Fd[g] exists then 


Fib) gib) — / Fd[g] < \\F(a) g(a)\\ x + 

Jr, X 


SV‘(F). 


(5.10) 


Now we present the main result of this section. In what follows, 5x([a, b],X) denotes 
the set of all finite step functions g : [ a,b ] —> X which are left-continuous on (a, b] and 
such that g(a) = 0. 


Theorem 5.7. If F 6 SV([a, b], L{X)), then 


SV»(F)=sup{ F(b)g( b)- Fd[j) ; g e S t ([o, b],X), MU < 1 
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Proof. At first, note that by (I5.10|) SX b a (F) is an upper bound to the set 


A : = 


F(b)g{b)~ / F d[g] ; g E S L ([a, b], X), g(a) = 0 and 




oo < 1 


To conclude the proof it is enough to show that SV b a (F) < sup A 

Let £ > 0 be given. Then, there exist a division D = (ao, an,..., a m } of [a, b] and 
Xj E X, j — 1,..., m with ||xj|| < 1 such that 

m 

sV‘(F) - e < II - F (“j-i)] V ■ 

j-i x 

Let g : [a, b] —> X be the function given by 

m 

g(t) = Xj for t E [a, b]- 

3 =1 


Thus, <7 is a left continuous step function with g{a) = 0 and H^Hoo < 1, that is, g E 
Sb([a, b], A). Calculating the integral J fj 6 Fd[c/], we have 

rb m ~i 


F d[g) = - F(ctj) - F(oij-i)] xj + F(a m - 1 ) x r 


(see [33j Proposition 14]). Therefore, 

m 

SV b a (F)-e< ||j][F( a ,)-F(o J - 1 )]i J 

3=1 

Since e > 0 is arbitrary, the result follows. 


F{b) ~g(b) 



< sup A. 

X 


□ 


A Appendix: Series in Banach space 

Definition A.l. Let x n G X for n E N. We say that: 

oo n 

1. The series is convergent if the sequence of its partial sums s n = £ Xk 

n =1 k= 1 

converges in X. 

OO OO 

2. The series ^^x n is absolutely convergent if ||x n ||x < oo. 

n =1 n =1 
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oo 


oo 

3. The series x n is unconditionally convergent if the series x^( n ) converges in X 

n=1 n=1 

for any permutation 7r of N. 

OO 

Theorem A.2. is unconditionally convergent, then all rearrangements have the 

n= 1 

same sum. 

(See [231 Theorem 1.3.1]) 

OO 

Theorem A.3. For series x n in X the following conditions are equivalent: 

71=1 

(a) the series is unconditionally convergent; 

OO 

(b) for any bounded sequence {a n } n in M, the series a n x n converges in X. 

71=1 

(See [24] Theorem 1.3.2] or P Proposition 2.4.9]) 

OO 

Lemma A.4. If the series is uncondittionally convergent in X, then 

71=1 

( 00 4 

< oi n x n : «„eR with \a n \ < 1, n G N > 

V n=l ) 

is a bounded subset of X. 

(See [40] Lemma 1]) 

It is clear that absolute convergence implies unconditional convergence. However, the 
converse is not true in general. 

Theorem A.5. (Dvoretzky-Rogers) If every unconditionally convergent series in an Ba¬ 
nach space X is absolutely convergent, then the dimension of X is finite. 

(See [12], P Theorem 8.2.14] or [8] Chapter VI]) 

Corollary A.6. In every infinite-dimensional Banach space there exists an uncondition¬ 
ally convergent series that is not absolutely convergent. 

In the sequel we recall some aspects of convergence of series involving weak topology. 
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Definition A.7. Let x n E X for n E N. We say that: 


1. The sequence {x n } n is a weakly Cauchy sequence if the sequence {x*(x n )} n converges 
in M for every x* E X* 

OO 

2. The series is weakly convergent if there exists z E X such that the series 

77= 1 

OO 

x*(x n ) converges to x*(z) for every x* E X*. 

n= 1 

OO OO 

3. The series x n is weakly absolutely convergent if < oo for every 

77.—1 77.—1 

x* E X*. 


Proposition A. 8 . If the series x n is unconditionally convergent, then it is weakly 

77=1 

absolutely convergent. 

(See [U Proposition 2.4.4 (in)]) 

The converse of Proposition IA.8I charaterizes in an important class of Banach spaces. 

Theorem A.9. (Bessaga-Pelczynski) A Banach space X does not contain an isomorphic 
copy of c 0 if and only if every weakly absolutely convergent series in X is unconditionally 
convergent. 

(See [8l Theorem V.8], [24j Theorem 6.4.3] or [T[ Theorem 2.4.11]) 

Another important class of spaces which is worth mentioning is the class of weakly 
sequentially complete Banach spaces. Recall that X is weakly sequentially complete if 
every weakly Cauchy sequence is weakly convergent in X. In which concerns series in 
such spaces, we have the following result. 

Theorem A. 10. If X is weakly sequentially complete, then every weakly unconditionally 
convergent series is unconditionally convergent in X. 

(See [19] Theorem 3.2.3] or |1] Corollary 2.4.15]) 
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